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In a previous paper! data for the effect of pressures up to 12000 kg/cm? 
on the resistance of 22 metals were given. It has now been possible to 
extend the results to 18 more elements, and 6 alloys. The extension has 
been made possible by two changes in the technique. In the first place, 
by a change in the method of leading electrical connections into the pres- 
sure chamber it has been possible to replace the previous method of 
measuring resistance with a Carey Foster bridge by a potentiometer 
method. ‘This makes it possible to measure accurately specimeys whose 
total resistance is very low, and rethoves the restriction that the specimen 
must be in the form of a fine wire. In the second place, by a modifica- 
tion in the design of the apparatus, it has been possible to considerably 
extend the temperature range. The results now cover a range from atmos- 
pheric to 12000 kg. pressure, and an extreme temperature range from 0° 
to 275° C. : 

In selecting the substances to be measured over this increased range _ 
I have paid particular attention to the matter of liquid metals. Previous 
to this, the effect of pressure on both the liquid and solid state was not 
known for a single metal. The resistance of metals in the liquid state 
would seem to be particularly worthy of study, because here the crystal- 
line structure introduces no complications.’ Six elements have now ‘been 
investigated in the liquid and the solid states. Furthermore, I have 
endeavored particularly to investigate some of the more unusual elements, 
in the expectation that elements from unusual parts of the periodic table 
might show new types of behavior. This attempt has been rewarded by 
the discovery of three more elements whose pressure coefficient of resistance 
is positive; bismuth and antimony were the only ones known previously. 

A number of commercial alloys have been included as being of some 
interest because of their wide use for scientific purposes. The measure- 
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ments on them had been already made for another purpose. The compo- 
sition of the alloys is as follows: 


{Chromel A Ni 80%, Cr 20%. 
ony ChromelB Ni 85%, Cr 15%. 
pve Chromel C Ni 64%, Cr 11%, Fe 25%. 
Electrical 
Alloy Co. Comet Ni ~%, Cr y%, Fe 2%. 
Driver Therlo Al 27, Mn 13%, Cu 85 (this is like Man- 
Harris Co. ganin). 


No. 192 Alloy Ni 30%, Cr 2%, Fe 68%. 


Only a very rough summary of the principle results of the measure- 
ments can be attempted here. The results will be published in full detail 
elsewhere. In the table are shown the average pressure coefficients to 
12000 kg., and also the initial coefficients at atmospheric pressure. The 
numerical values of the table may be supplemented by the following 
remarks on various significant aspects of behavior. 


TABLE 
EFFECT OF PRESSURE ON RESISTANCE 


























Mean Instan- Mean Instan- 

Pressure taneous Pressure taneous 

Substance Coefficient, Sivsticuels Substance Coefficient, | Pressure 
0-12000 kg.| Coefficient 0-12000 kg.| Coefficient 

at 0 kg. at 0 kg. 
et eos +0.0s772 | +0.0568 |Bi, liquid, 275°........ —0.0,101¢} —0.0,123 
Li, liquid, 240°........ +0. 0593 Se Ae, OF 6 isk 0.06338 [......6..5. 
ie Oe og eos cs —0.01345 | —0.0s:663 |W, 0°................ —0.05135 | —0.05143 

Na, liquid, 200°....... —0.0:436 | —0.0,922 |La, 0°................ —0.05331 | —0.0539 
K, eee O67... ae. —0.0,604 | —0.03;186 |Nd, 0°................ —0.05213 | —0.05238 
K, liquid, 165°........ —0.0,8092| —0.03168 |Carbon, amorphous, 0°.| —0.0,100 | —0.0,118 

MO Wik kia bs osu —0.0s408 | —0.05447 |Carbon, graphite, 0°...| +0.0547 +0.0577 
WU MEPs bak Wak eos yo 5085 +0.0,106 | +0.0,129 |Si, 0°................. MD GUEAT ES Siaccade cs 6 
WR as Pe She kales sss +0.0.680 | +0.0,502 |Black phosphorus, 0°...) —0.081 —0.03200 
VS ere —0 .0)2365)........... Chrome! A, 0°......... —0.06134 |........... 
Hg, liquid, 25°........ —0.04219 0.0,334 |Chromel B, 0°......... —0.06169 |........... 
Ga, liquid, 30°......... —0.05531 | —0.0s640 |Chromel C, 0°......... —O.06427 |........... 
Ga; aed, 0°.........<. —O.05247 |........... aN TT 8 Sc cnee's 58 —0.05241 | —0.05263 
Ge Cea ea SOME 1. 6 0d5 85 PM Sick ego ks —0.0s228 | —0.05236 
8 ot a eae —0 .0640 —0.0640 {No. 193 alloy, 94°......| —O.0s179 |........... 

a Average 0-9000 kg. 


6b Average 7640-12000 kg. 

¢ Average 0-7000 kg. 

With regard to purity, Ga was prepared under the direction of Pro- 
fessor T. W. Richards for atomic weight work, and had less than 0.01% 
impurity. The Na, K, Mg, Hg, Bi, W, and black phosphorus were also 
of high purity. The Ca contained about 0.1% impurity, and the impurity 
in the Li and Sr was of the order of 1%. ‘The Ti and Zr were known to 
be, impure with 1.8% and 0.6% of W respectively; the impurity may have 
been higher. Judging by the temperature coefficients of resistance, As, 
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La, and Nd were considerably impure. The graphite was the best Acheson 
graphite, but the results were not reproducible. Similarly results with 
Si were not reproducible. All that can be expected of C and Si is the 
order of magnitude of the effect. 

Normal Solids —The substances with negative pressure coefficients of 
resistance are Na, K, Mg, Hg, Ga, Ti, Zr, As, W, La, Nd, Si, and black 
phosphorus. Mg and W were previously measured. It is now possible 
to give better values because of increased purity of the specimens avail- 
able. La and Nd are the first metals in the rare earth group whose pres- 
sure coefficients have been measured; they show no novel features. Ti 
and Zr are also from a new region of the periodic table. The interesting 
feature of their behavior is the extreme smallness of the coefficient. Hg 
has not been previously measured in the solid state; its coefficient is 
somewhat greater than that of the liquid. Abnormal results were ex- 
pected for gallium, because it expands when it freezes, but it was found 
instead to be quite normal. Arsenic might be anticipated to be abnormal 
because of its position in the periodic table relative to bismuth and 
antimony, but it turns out to be normal. Silicon, a non-metallic element, 
decreases in resistance, as is normal for metals, but the pressure coefficient 
becomes larger with increasing pressure and the temperature coefficient 
may reverse in sign at high pressures, both,of which are abnormal features. 
Black phosphorus, also non-metallic, is remarkable for the very large 
size of the effect, the resistance decreasing under 12000 kg. to about 3% 
of its initial value. The relative coefficient, however, does not change so 
much as it does for some metals. Na and K are the first alkali metals 
whose pressure coefficients have been measured. They are remarkable 
for the largeness of the effect, which is larger than for any other metals 
as yet measured. Na decreases 40% and K 70% im resistance under 
12000 kg. ‘The pressure coefficient of these metals decreases greatly with 
increasing pressure and increases with increasing temperature, and the 
temperature coefficient decreases with increasing pressure. The metals 
previously measured have shown relatively little change in these coeffi- 
cients. 

Abnormal Solids—Three new elements have been found whose resist- 
ance increases under pressure; these are Li, Ca, and Sr. This was a great 
surprise because all of these metals are highly compressible. With{the 
single exception of the variation with pressure of the pressure coefficient 
of strontium, the behavior of these three metals is like that of Bi and Sb 
in that the instantaneous pressure coefficient increases with increasing 
pressure and decreases with increasing temperature, and the temperature 
coefficient falls with rising pressure. 

Relative behavior of Resistance of Solid and Liquid.—The pressure co- 
efficient of liquid bismuth is found to be negative and normal, although 
that of the solid is positive and abnormal. This points to the importance 
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of crystalline structure in determining the variations of resistance. On 
the other hand the coefficient of lithium is abnormal in being positive in 
both the liquid and solid states. (The melting curve of Li was measured 
under pressure and found to be normal in that the solid expands on melt- 
ing.) The magnitude of the coefficient of the solid is less than that of the 
liquid. Gallium is normal in the solid as well as in the liquid, and the 
coefficient of the liquid is much larger than that of the solid. The coeffi- 
cient of liquid mercury is slightly less than that of solid mercury. The 
coefficients of liquid sodium and potassium are less than those of the 
solids, but by only small amounts. The relative decrease in the coeffi- 
cients of these solids with pressure may be greater than the decrease of 
the liquid. Liquid potassium has an abnornal change in the sign of the 
variation of temperature coefficient with pressure and the pressure coeffi- 
cient with temperature. 

All of the six metals measured in the solid and liquid state agreed in 
showing a relatively small change in the ratio of the resistance of liquid 
to solid along the melting curve-from low to high pressure. Thus the 
change in the ratio of the resistance of liquid to solid potassium was 
from 1.56 to 1.55 under a pressure increase of 9700 kg. This pressure is 
sufficient to decrease the difference of volume between liquid and solid 
to 0.31 of its initial value. It seems to be universally true that the tem- 
perature coefficient of the liquid is less than that of the solid, and the 
change of resistance on melting is in the direction of the change of volume. 

Theoretical Implications.—The following remarks are only two of many 
that might be suggested by the data. 

It is probable, because of the peculiar nature of the atomic structure 
of lithium and the fact that its pressure coefficient of resistance is pos- 
itive, that the picture of the mechanism of electrical conduction given 
by Wien and Lindemann as a space lattice of electrons sliding in the 
channels of a space lattice of atoms may have much of truth for this 
‘particular element. 

The new evidence now at hand does not make it necessary to modify 
the former point of view’ that for most elements the most important 
‘single factor in determining the variations of electrical resistance is the 
amplitude of atomic vibration. 

This investigation was assisted in large part by a generous grant from 
‘the Rumford Fund of the American Academy of Arts and Sciences. 


! Bridgman, P. W., Proc. Amer. Acad., Boston, 52, 1917, (573-646). 
? Bridgman, P. W., Physic. Rev., Ithaca, N. Y., 9, 1917 (269-289). 
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CHARACTERISTIC ABSORPTION OF X-RAYS: L SERIES 
By WILLIAM DUANE AND R. A. PATTERSON 
DEPARTMENT OF PuysIcs,- HARVARD UNIVERSITY 
Communicated August 2, 1902 


Introduction.—Critical absorption wave-lengths associated with the 
L series of X-rays have been measured by E. Wagner! and M. de Broglie.? 
These scientists have investigated the spectra of ten of the chem- 
ical elements from tungsten to uranium, both inclusive. Each employed a 
photographic X-ray spectrometer with a rocksalt crystal. M. de Broglie 
found two critical absorption wave-lengths characteristic of each chem- 
ical element except, in the case of mercury, for which he gives only one. 
For bismuth, thorium and uranium he found a third, weak band. 

In the investigation reported in this note we employed an ionization 
spectrometer with a calcite crystal. We found three critical absorption 
wave-lengths characteristic of each of the nine elements examined. 

A brief discussion of the bearing of this new data on certain empirical 
laws and on recent theories of the mechanism of X-radiation may be found 
in the concluding paragraphs. 

Apparatus and Method of Measurement.—A detailed description of the 
ionization spectrometer and the method of using it so as to ebviate certain 
errors of measurement has been given in previous articles.* These arti- 
cles also describe the plant for generating and controlling the X-radiation. 
Two X-ray tubes have been employed, each equipped with a Coolidge 
cathode and with a thin glass window blown in a side arm. One of these 
tubes contained a tungsten and the other a molybdenum target. The 
current exciting the tubes came from a high tension storage battery. 
The ionization chamber contained TT or methyl-iodide, and 
sometimes a mixture of both. 

In measuring a critical absorption wave-length we place a thin sheet of 
the chemical element to be investigated (or of a salt containing it) in the 
path of the beam of rays between the X-ray tube and the first slit of the 
spectrometer. We then measure the ionization currents for a series of 
positions of the crystal corresponding to wave-lengths in the neighbor- 
hood of the critical values. From these measurements we platt curves 
representing the ionization current as a function of the crystal table angle 
(see figs. 1 and 2). At a critical absorption point a sharp drop appears 
on the curve, indicating that X-rays of shorter wave-length than the 
critical value are absorbed by the chemical element to a greater extent 
than X-rays of longer wave-length. For the two strongest absorption 
bands characteristic of each‘element we have obtained the curves on both 
sides of the crystal table zero. The angular distance between the mid- 
points on two corresponding drops gives us twice the glancing angle, @ 
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from which we compute the wave-length, A, by means of the usual formula 
dX = 2d X sin 8, 


where d is the distance between the reflecting planes of the crystal. The, 
glancing angle for the third and weakest absorption band has been esti- 
mated by careful comparison with the neighboring stronger absorption 
drop obtained in the same series of readings. 

Data Obtained.—Table 1 contains the results of our measurements. 
For purposes of comparison we include also the wave-lengths given by 
Wagner! and de Broglie.2 The angular breadths of the drops vary from 


X-RAY ABSORPTION SPECTRA 
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three to ten minutes of arc according to circumstances, and we believe 
that we can estimate the positions of their centres to within ten to thirty 
seconds, depending upon the magnitudes of the drops and the regularity 
of the curves. Considerations of this kind have given us the estimates 
of the accuracy of each measurement recorded in the table. 

Relative Positions of Emission and Absorption Wave-lengths.—In the 
article referred to above*® the authors have called attention to the fact 
that in the case of tungsten: (a) the absorption wave-length, a;, is slightly 
shorter than that of the highest frequency emission line of the L series, 
namely, 4; (b) the absorption wave-length, a2, is a large fraction of one 
per cent longer than that of the emission line, y2; and (c) the absorption 
wave-length, a, is a large fraction of one per cent longer than the emission 
line, 8s. ‘The measurements on which these conclusions were based were 
made under the same experimental conditions for both the emission and 
the absorption lines. We have not measured the L, series of emission 
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lines for chemical elements of higher atomic numbers than that of tungsten 
with our spectrometer. Hence we cannot make a direct comparison be- 
tween emission and absorption wave-lengths obtained under the same 
“experimental conditions for these elements. If we take the wave-lenghts 
recorded by Siegbahn and Friman,‘ we find that (a) our value for the 
absorption wave-length, La;, is shorter thah that of the emission line, ya, 
for each element and that the difference between the two increases slightly 
with the atomic number; (b) our value for the absorption wave-length, 


TABLE 1 
CRITICAL ABSORPTION WAVE-LENGTHS. L SERIRS OF X-Rays 
Grating Space for Calcite, 2d = (6.056+0.004) X 1078 cm. 























CHEMICAL ATOMIC ABSORBING MEASURE WAVE-LENGTHS, » X 108 cm. 
ELEMENT NUMBER SCREEN BY La La: Las 
Tungsten 74 de Broglie | 1.217 1.083 
Tungsten 7 Na2WQ, | Author’s 1.2136+1 | 1.0726+5 | 1.024+3 
Platinum 78 Wagner 1.072 0.934 
Platinum 78 de Broglie | 1/069 0.930 
Platinum 78 Metal Author’s 1.0705+3 | 0.9321+3 | 0.8885+9 
Gold 79 Wagner 1.042 0.914 
Gold 79 de Broglie | 1.038 0.898 0.858 
Gold 79 Metal Author’s 1.0383 +3 | 0.8993+3 | 0.8606+8 
Mercury 80 de Broglie | 1.006 
Mercury 80 HgSO, Author’s 1.0067 +5 | 0.8700+3 | 0.8335+9 
Thalium 81 de Broglie | 0.974 0.840 
Thalium 81 Ti.(SO,); | Author’s 0.9776+3 | 0.8415+3 | 0.8055+14 
Lead 82 de Broglie | 0.945 0.811 
Lead 82 Pb(NO;)2 | Author’s 0.9497 +3 | 0.81333 | 0.7803+9 
Bismuth 83 de Broglie | 0.921 0.786 0.753 
Bismuth 83 Metal Author’s 0.9216+3 | 0.7872+3 | 0.7532+9 
Bi(NOs)s 
Radium 88 de Broglie | 0.802 0.670 
Thorium 90 de Broglie | 0.757 0.624 0.604 
Thorium 90 Th(SO,)2 | Author’s 0.7596+3 | 0.6286+3 | 0.6044+7 
Uranium 92 de Broglie | 0.718 0.588 0.564 
Uranium 92 Acetate Author’s 0.72143 | 0.5918+3 | 0.5685+7 











Laz, is longer than that of the emission line, 72, for tungsten and gold, but 
shorter for the other elements; (c) our value for the absorption wave- 
length, La, is longer than that of the emission line, 8;, for tungsten, gold, 
and thallium, but shorter for platinum and bismuth. The relative posi- 
tions of these emission and absorption lines appear to be matters of con- 
siderable theoretical importance,’ and this subject will be discussed at 
greater length in a future note. 

The Wave-lengths as Functions of the Atomic Numbers.—Many of the 
laws connecting X-ray wave-lenghts with each other, or with the atomic 
numbers of the chemical elements may be expressed most simply in terms 
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of the wave-numbers, 1/X, or of the ratios of the frequencies of vibration to 
the Rydberg fundamental frequency for heavy atoms. In his classical 
memoirs on the wave-lengths of characteristic X-rays Moseley called at- 
tention to the fact that the square root of the wave-number (or frequency) 
of a line in the X-ray spectrum of an element is very nearly a linear func- 
tion of its atomic number. To test this relation in the case of critical 
TABLE 2 
CRITICAL ABSORPTION WAVE-NuMBERS. L SERIES OF X-Rays 
Values of 1/A and of ¥1/\ 

















A! 
se in poy DUFPERENCES 
Tungsten 74 0.8240 +1 0.9077 
Platinum 78 0.9341 +3 0.9665 0.0147 +1 
Gold 79 0.9631 +3 0.9814 0.0149 +3 
Mercury 80 0.99338+4 — 0.9966 0.0152 +4 
Thalium 81 1.0229 +3 1.0114 0.0148+4 
Lead 82 1.0530 +3 1.0262 0.0148+3 
Bismuth 83 1.0851+3 1.0417 0.0155+3 
Thorium 90 1.31645 1.1473 0.0151 +1 
Uranium 92 1.3862+5 ° 1.1774 0.0151+2 
Lae f 
Tungsten 74 0.9323 +5 0.9656 : 
Platinum 78 1.0728+4 1.0358 0.0176+1 
Gold 79 1.112024 1.0545 0.0187 +4 
Mercury 90 1.149424 1.0721 0.0176 +4 
Thalium 81 1.18835 1.0901 0.0180 +5 
Lead 82 1.2295 +5 1.1088 0.0187 +5 
Bismuth 83 1.2703 +4 . 1.1271 0.0182 +5 
Thorium 90 1.5908+8 1.2613 0.0192 +1 
Uranium ' 92 1.6898 +8 1.2999 0.0193 +3 
: Las 

Tungsten 74 0.977+3 0.988 

- Platinum 78 1.1255 +12 1.0609 0.0182 +5 
Gold 79 1.1621 1.0780 0.017111 
Mercury - 80’ 1.2004 1.0953 0.0174#11 
Thalium 81 1.242 +2 1.1142 0.0189 = 15 
Lead 82 1.2822 1.1820 --- 0.0178+16 , 
Bismuth 83 1.328+2 1.1523 0.0203 + 13 
Thorium 90 1.655 +2’ 1.2863 0.0192 +2 » 
Uranium 92 1.7592 1.3263 0.02007 











absorption data we have calculated the wave-numbers and the square 
roots of the wave-numbers for all of our values. Column 3, in Table 2, 
contains the wave-numbers and Column 4 their square roots. In Column 
5 we have tabulated the increase in the value of ¥1/) per unit increase in 
the atomic number. It appears that these differences do not vary from 
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the average values of the differences in their neighborhoods by more than 
the estimated errors, except in one or two cases. In other words, the 
v1/\ may be represented as a function of the atomic number by a smooth 
curve, from which the individual values do not differ by more than the 
experimental errors. In the case of the absorption band, La, this curve 
differs a small amount from a straight line. In the cases of the bands 
La, and La;, however, the departures from the straight line law appear 
to be much greater. A very much more pronounced variation from 
the linear law has been noted in the case of the critical absorption fre- 
quencies associated with the K series of X-rays.’ These departures 
from the straight line law have been ascribed to the relativity change of 
mass with velocity of the electrons connected with the production of the 
X-rays. 

The fact that the values of V¥i/\ do not differ from a smooth curve 
law by more than the indicated errors of measurement shows that our 
estimates of accuracy are substantially correct. 

The Relation between the Emission and Absorption Frequencies.—It has 
been found ,by experiment that the difference between the critical ab- 
sorption wave-number of the K series and one of the critical absorption 
wave-numbers of the L series equals the wave-number of one of the a 
lines in the K series to within the limits of error.’ The experiments were 
performed with the X-ray spectrum of tungsten. As the emission wave- 
lengths in the K series have not been measured for chemical elements of 
higher atomic numbers than that of tungsten, we cannot test this law 
between the K and L series for the heavier elements. We can test the 
law, however, in the case of the L and M series of thorium and uranium, 
for here all the ncessary data is available. The tables of Siegbahn and 
Friman‘ contain the emission wave-lengths in the L series, and Sten- 
strém*® has measured three absorption wave-lengths in‘the M series for 
each of these two elements. Using our values of the L absorption wave- 
lengths we have compiled the following table of wave-numbers (Table 3): 















































TABLE 3 
RELATION BETWEEN ABSORPTION AND EMISSION WAVE-NUMBERS 
L and M Series 3 
U Tu U Ts U Tu 
Absorption La-Ma 1.099}1 .047|La,—-Ma,|1 .085 1.034 La,-Mas 1.038 |0.988 
Emission La, |{1.098/1.045 Lev|1 .085}1 .032 
Absorption Lar-Ma, }1.403/1.322|La.—Maz}|1.389)1.309} La.—Mas | 1.342 |1.263 
Emission LB; |1.408/1.319 LB,\1.389)1 .305 
Absorption La;-Ma, |1.472\1.385|La;—Ma,|1 .458)1.372| La;s-Ma; | 1.411 |1.326 
Emission LBs | 1.408 }1.319 





It appears from this table that the wave-numbers of the emission lines . 
La, Laz and Lf, agree very well with the differences between the absorp- 
tion”*wave-numbers La;—Ma,, La;-Ma, and La,—Maz, respectively. 
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Judging from this data alone, there is some question as to whether thie 
emission line LA; belongs to the absorption difference La,-Ma, or to 
La;-M a3. 

No emission lines have been observed in the spectrum of either thorium 
or uranium that correspond to the other absorption differences contained 
in the table. 

Four emission lines have been found by Siegbahn and Friman in the 
spectra of both thorium and uranium in addition to those contained in 
vur Table 3, namely, 1,62,7:, and 72,3. The way in which the frequencies 
of the lines for different chemical elements vary with their atomic num- 
bers* and the researches of Webster and Clark®® on the voltages required 
to produce the lines in the spectrum of platinum indicate that 1 and 6; 
belong to the same X-ray group as a; and a», and therefore also to the 
absorption La;. Similarly, 7: belongs to the absorption La. If these 
lines obey the frequency difference law, there must be critical absorption 
wave-lengths at } = 2.37 X 10-* cm. and at \ = 2.23 X 10-* cm. for 
thorium and uranium, respectively, to correspond with the emission 
line 1. These wave-lengths lie within the range of possible measure- 
ments, but the spectrum in their neighborhood has not been examined 
for critical absorption. Similarly, there should be critical absorption 
wave-lengths at \} = 16.2 X 10~* cm. for thorium and at \ = 15.8 X 
10-* cm. for uranium to correspond with the emission lines 8: and 7. 
These wave-lengths, however, lie beyond the range of wave-lengths that 
can be measured at present by means of crystal spectrometers. 

It is well known that Bohr’s theory of radiation explains very simply 
the above relation between emission and absorption wave-numbers. 
The relation, however, should not be absolutely exact, if, as Sommerfeld 
supposes, some of the atoms contain M orbits that are elliptic, and other 
atoms of the same chemical element contain M orbits that are circular. 
In this case the L absorption drops should have a complex structure. We 
have not been able to observe such a structure in the drops on our curves, 
and the effect must be exceedingly small, if it exits at all. 

Theoreies have been developed by Rubinowicz"* and Bohr,"' according 
to which transfers of electrons between certain pairs of orbits cannot 
take place.* If we apply these theories to the data contained in Table 3, 
we find that according to both theories the transfers represented by Ma;-La; 
and Ma,—La, should occur. As a matter of fact, the corresponding lines, 
a afid (;, are the strongest lines in the L series. According to Rubi- 
nowicz’s theory ,the transfer Ma,-La, should occur, but according to 
Bohr’s theory it should not, unless the atom is in a field of force. The 
corresponding line, a2, has been observed, but is relatively very faint. 
According to both theories the transfer Ma,-La; should not occur, and, 
as noted above, the experiments do not indicate conclusively whether the 
line 8; belongs to this combination or not. Both theories allow the transfer 
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Ma;-La,, but no line corresponding to it has been observed. The transfer 
Ma,-La, can occur according to Rubinowicz’s theory, but not according 
to Bohr’s, and there is no line to correspond with it. The other trans- 
fers, involving La,, are not covered by the theory, for it does not in its 
present form include a third L orbit. 

Sommerfeld’s L-Doublet Theory—Sommerfeld has worked out an in- 
teresting theory of the splitting up of the L series into two distinct parts— 
the L series doublet. An account of his reasoning may be found in-his 
book, Atombau und Spektrallinien, Chapter 5. According to this theory 
the difference in frequency Av between the two parts of the L series is due 
to the: difference between the energies of electrons travelling in circular 
orbits and of electrons travelling in elliptic orbits. Some atoms are sup- 
posed to have circular L orbits, and other atoms of the same chemical 
element, elliptic L orbits. The general equation (28), in the chapter re- 
ferred to, for the difference, Ay, in wave-number, reduces to 





Av ae 
= —(vavi + vr — 8 V4 — 6%) (1) 
for the L doublet, where v,, = 109737 is Rydberg’s fundamental wave- 
2 
number, a = = = .007286, b = a(N — n), N is the atomic number, 


and , a correction term due to the influence of neighboring electrons in 
the atom. Sommerfeld has tested his theory by means of the wave- 
number differences between certain emission lines in the spectra of a great 
many chemical elements, and has deduced from this data the value » = 
3.63. Although there is some difficulty in interpreting this value of 
the constant, ”, we have used it to test the formula by means of our values 
of the critical absorption wave-numbers.'* According to the theory the 
waye-number difference in the doublet should equal the difference between 
the wave-numbers of the absorption bands La, and La». 
TABLE 4 
THE L-DousLetT WAVE-NUMBER DIFFERENCES, Av X 1078 


























CHEMICAL ATOMIC anita 
\ SLEMENT NUMBER eee n = 3.63 n = 3.45 MODIFIED 
Tungsten 74 0. 1083 +6 0.1071 0.1087 0.1037 
Platinum 73 0.13877 0.1369 0.1384 0.1327 
Gold 79 0.1489 +7 0.1453 0.1468 0.1411 
Mercury 80 0.1561 +8 0.1540 0.1558 0.1496 
Thalium 81 0.1654+8 0.1635 0.1652 0.1587 
Lead 80 0.1765+8 0.1733 0.1751 0.1682 
Bismuth 83 0.1852 +7 0.1836 0.1856 0.1782 
Thorium 90 0.2744+13 0.2713 0.2739 0.2639 
Uranium 92 0.3036 +13 0.3023 0.3044 0.2941 
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Table 4 contains the observed wave-number differences of the L doublet; 
with estimated errors of experiment, and also three sets of computed 
differences. The values given in Columns 4 and 5 have been calculated 
directly by the above formula (1) without expanding it into a series of 
ascending powers of b. It would be necessary to use six or more terms 
of such a series in order to attain the indicated accuracy. 

The differences between the observed values and those computed, using 
Sommerfeld’s value of n = 3.63, all have the same sign, and are distinctly 
greater than the errors of measurement. ‘The values obtained with x = 
3.45 compare more favorably with the experimental results, and in- 
dicate that with n = 3.43 the formula would give the observed differ- 
ences, Av, within the limits of error for nearly all the elements contained 
in the table. Even in this case there appears to be a small systematic 
variation between the theoretical and experimental frequency differentes, 
as though the formula were nearly but not quite correct. 

The constant represents the repulsive force on an electron in the L . 
orbit due to the electrons in the K orbit plus the force due to the other 
electrons in the L orbit. If m and m, are the numbers of electrons in the 
K and the L orbits, respectively, n = m, + s,, for circular orbits, where 

1 s=n-— it! sr 
ip 4 o_ =I n 
The values of » for elliptic orbits is assumed equal to that for circular 
orbits. There are, however, no values of m, and m2 that agree exactly 
with the empirical values = 3.63,3.450r 3.43. Form = 2andm = 5 
we have » = 3.38. Other evidence of the distribution of electrons in 
atoms indicates that this arrangement is highly improbable. 

As a matter of fact, the theory in its present form does not take ac- 
count entirely of the influence of all the electrons in the L orbit itself. 
When one electron is removed from this orbit, the other electrons change 
their positions relative to each other and to the nucleus. In calculating 
the change in the atom’s energy envolved we must take account of the 
change in their energy also. A modification of Sommerfeld’s formula 
which includes these energy changes may be obtained by taking the 
product of _ into the value of the right-hand member of equation (1), 
with » = n, + s,,, and subtracting from it the product of ,— 1 into 
the value of the same expression, with » = ”; + s,,—1. Before com- 
puting wave-number differences from this modified formula we must as- 
sign definite values to m and m. This gives a sort of theoretical value 
for n. 

Column 6,'in Table 4, contains wave-number differences calculated in 
this way with m = 2 and m = 4. They differ uniformly from the ex- 
perimental results by about 3%. 

The above suggested alterations i in the theory, however, do not obviate 
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certain difficulties (discussed by Sommerfeld in his book) that we encoun- 
ter, if we suppose that the orbits all lie in the same plane. Possibly these 
difficulties will disappear, when we-study more thoroughly atomic models 
in which the orbits do not lie in the same plane. 
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ON THE RELATIVE POSITIONS AND INTENSITIES OF LINES 
IN X-RAY SPECTRA 


By WILLIAM DUANE AND R. A. PATTERSON 
JEFFERSON PuysicaL LABORATORY, HARVARD UNIVERSITY 
Communicated August 17, 1920 


Grouping of L Series Lines.—The wave-lengths of the lines in the L 
series of X-rays have been measured for a great many of the chemical 
elements by Siegbahn and Friman.' They have published graphs which 
represent the square roots of the frequencies of corresponding lines in the 
spectra of different elements as functions of the atomic number. The 
graphs for the lines 1, a2, a:, 6: and §; are very nearly straight, indicating 
that the square roots of the corresponding frequencies are almost linear 
functions of the atomic numbers, whereas the graphs for the other lines 
are curved, indicating a marked departure from the linear law. This 
would seem to mean that we can divide the lines in the L series into at 
least two groups. 

In his work on characteristic absorption de Broglie? found three critical 
absorption wave-lengths associated with the L series of gold, bismuth, 
thorium and uranium. ‘The authors* have extended this, and have mea- 
sured the third critical absorption wave-length as well as the other two for 
the elements they examined from tungsten to uranium both inclusive. The 
fact that three critical absorption wave-lengths appear in the L series of 
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each chemical element would seem to indicate the existence of at. least 
three distinct groups of lines. i 

The researches of D. L. Webster and Harry Clark‘ on the voltages 
required to produce the various lines in the L series of platinum and on 
the way in which their intensities increase with increasing voltage con- 
firm this, and prove further that the lines n, 6:, y: and probably +2 belong 
to the second group. 

The modern theory of line spectra, also, seems to indicate the splitting 
up of the L series into groups. The differences in frequency between 
certain lines in the first group and corresponding lines in the second group 
are very nearly equal to each other. These pairs of lines with nearly 
the same frequency interval are »-1, B;-a2, y:-62 and yz-6;. Sommer- 
feld® explains this division of the L series into groups with a constant 
frequency difference on the assumption that one group of lines is due to 
electrons falling into an L orbit that is circular, and that the other group 
is produced by electrons falling into an L orbit that is elliptic. The 
equation he derives from his theory for the magnitude of the fregiency 
difference fits the facts with considerable precision. 

The following facts indicate that the critical absoprtion La, belongs 
to the first group of lines, and that the critical absorption La; belongs 
to the second group of lines. Firstly, the wave-length of the critical 
absorption La, lies not far from that of the line of shortest wave-length 
in the first group, and the wave-length of La, lies close to that of the line 
of shortest wave-length in the second group. Secondly, as the authors 
have shown,’ the square root of the frequency of La, for the different 
elements is almost a linear function of the atomic number, while that of 
La, departs from the linear law in the same way as do those of the second 
group of lines in Siegbahn and Friman’s graphs. Thirdly, the’frequency 
difference between La, and La, equals to a high degree of precision that 
between the pairs of lines 7-1, 6;-a2 and 2-85 which were all measured 
by the authors® under the same experimental conditions for the tungsten 
spectrum. Fourthly, the frequency differences between La, and La, for 
the various chemical elements from tungsten to uranium* agree very well 
with Sommerfeld’s formula. Fifthly, the values of the critical voltages 
of two of the groups of lines in the L series of platinum measured by 
Webster and Clark‘ (namely, 13.20 kilovolts and 11.45 kilovolts) agree 
very well with the values of the same quantities calculated by the quantum 
equation from our critical absorption wave-lengths (namely 13.26 kilo- 
volts and 11.54 kilovolts). 

Relative Position of Lines.—It has been shown by Duane and Huw’ that: 
the critieal ahsorption wave-length associated with the K series of Rhodium 
is about one-third of a per cent shorter than that of the shortest line (the 
7 line) im that K series. Further, Duane and Stenstrém* have found 
that the difference between the wave-length of the critical absorption in 
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the K series of tungsten and that of its y line amounts to about one-half 
of one per cent, the 7 line having the longer wave-length. In the case 
of each element the wave-lengths were measured under exactly the same 
experimental conditions, so that there can be no doubt but that the 
critical absorption wave-length in the K series is shorter than the wave- 
length of the + line by an amount that considerably exceeds the errors of 
experiment. 

Turning to the L series we find that the third critical absorption wave- 
length, La;, appears to be shorter than that of the line of shortest wave- 
length in the L series, namely, y.' The authors’ have found the 
following values for these wave-lengths, La;= 1.024+3 and y4= 1.0261 +6, 
in the spectrum of tungsten. In the other two groups, however, the 
critical absorption wave-lengths are longer than those of the shortest 
wave-length lines respectively. In the tungsten spectrum the authors** 
found for the wave-lengths in the first group La,;=1.2136+1 and 6;= 
1.2040+7, and in. the second La,=1.0726+5 and y2=1.0655+4. In 
each case the difference between the two wave-lengths ee ex- 
ceeds the estimated errors of experiment. 

As the relative position of these emission and absorption tints appears 
to be a matter of considerable theoretical importance the authors have 
repeated their experiments in a slightly different form. ‘To make doubly 
sure of the facts they have taken the readings so as to show the position 
of the critical absorption and those of the emission lines on each side of it 
on one and the same curve. The experimental conditions were exactly 
the same as those in the experiments described in the article referred to,® 
except that the X-ray tube was turned so that the rays left the target 
making a slightly smaller angle with its surface than in the earlier experi- 
ments. This increased the absorption of the rays by the target itself, 
and made the absorption drop in the curves more prominent. 

The curve in figure 1 represents the intensity of the radiation (meas- 
ured by the currents in the X-ray spectrometer’s ionization chamber) as 
a function of the crystal table angles. The drop in the curve marked 
a corresponds to the critical absorption belonging to the first group of 
L series emission lines. The absorption of its own rays by the tungsten 
target alone produced this drop, as no absorbing screen was introduced in 
the path of the rays in this experiment. The tall peak on the curve 
represents the relatively strong emission line 62. Its separation from the 
absorption drop corresponds very well with the wave-length interval be- 
tween the two, calculated from the data obtained in the earlier experi- 
ments, namely 0.0283+2. The small hump in the curve on the other 
side of the absorption drop represents the emission line, 85. 

This experiment proves conclusively that the critical absorption lies 
between the emission lines 6, and §;, in other words it has a longer wave- 
length than that of {;. 
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The positions of 8; as determined from the measurements of Overn® 
and Siegbahn” are marked above the curve in figure 1. According to 
their measurements this faint line has a wave-length a small fraction of 
one per cent shorter than our value, which would bring it still further 
from the critical absorption in the direction of shorter wave-lengths. 

The curve in figure 2 represents the spectrum of tungsten in the neigh- 
borhood of the critical absorption La. The drop corresponding to the 
absorption and the peaks corresponding to the y emission lines appear 
on the curve. The critical absorption lies between the emission lines 7; 
and 2, and therefore has a wave-length longer than that of y2. Overn’s 
and Siegbahn’s values for 72 are in exact agreement with our values. 

According to the conception of radiation held by many scientists the 
critical absorption wave-length corresponds to the short wave-length limit 
of the group or series of emission lines with which it is associated. If 
this be true, or, to speak more accurately, if the term ‘‘group of lines” is 
defined in such a way that this is true, then 6; cannot belong to the first 
group in the L series of X-rays, and 2 cannot belong to the second group. 

The strongest evidence in favor of believing that 8; belongs to the same 
atomic mechanism that produces the lines in the first group appears to 
be that the square root of its frequency increases from atom to atom 
nearly as a linear function of the atomic number, corresponding in this 
respect to all the lines in the first group but not to those in the second and 
third groups. In terms of the theory of atomic orbits this means that 
electrons falling into the L; orbit produce the line f;, as they do all the 
lines in group 1. Webster and Clark‘ found that §; in the platinum 
spectrum appeared at a lower voltage than that required to produce the 
lines in the second group. ‘This proves conclusively that 8; cannot belong 
to the second group. The experiments on critical potentials, however, 
are not sufficiently accurate to decide whether 8; appears at exactly the 
same voltage as the other lines in group 1, for 6; is a weak line, and the 
difference between its wave-length and that of the critical absorption L; 
amounts to only 0.7% for tungsten. We are not, therefore, compelled 
to assume that 8; can be produced by electrons in the X-ray tube having 
quantities of energy less than that given by the quantum equation, 
Ve=hv. 

The argument in favor of supposing that the line y2 belongs to the 
mechanism that produces the lines in the second group rests largely upon 
the fact that for the various chemical elements the difference in frequency 
between 2 and #; equals the frequency interval bétween the lines in the 
other pairs belonging respectively to the two groups. It also equals the 
difference in frequency between the two critical absorptions La, and 
La, and is given quite accurately by Sommerfeld’s L doublet formula. 
Hence, according to the theory of electron orbits, -y2, in common with the 
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other lines belonging to the second group, is produced by electrons falling 
into the second, L», orbit. 

On the experimental and theoretical evidence we have reached the 
conclusion that the emission line 6; belongs to the atomic mechanism 
that produces the,lines in the L,; group, and that 72 belongs to that pro- 
ducing the lines in the Ll, group. On the ‘other hand our experiments 
prove conclusively that the wave-length of §; is shorter than that of the 
La, critical absorption, and that the wave-length of 2 is shorter than that 
of La. A somewhat similar situation occurs in the spectra of ordinary 
light. Here we have resonance and ionization potentials. There is a 
difference, however, between the character of the absorption of X-rays 
and that of ordinary light. 

The best way of explaining these phenomena may be somewhat as fol- 
lows: Let us suppose that the critical absorption La; corresponds to the 
transfer of an electron from the L; orbit to the periphery of the atom— 
to an orbit there where it can find a place to stick. This does not mean 
a transfer to an indefinitely great distance from the centre of the atom. 
There may be many orbits outside that at the periphery, even in addi- 
tion to those that belong to visible spectra. With the electron in the 
orbit at the periphery the atom is in a state such that by the transfer of an 
electron back to fill the vacancy in the L, orbit it can radiate any one of 
the emission lines 1, a2, a, f2, etc., but not f;. If, now, the frequency 
of the incident X-ray beam is higher than that of the critical absorption, 
if the energy hv is greater than that required to lift the electron to the 
periphery of the atom, it may carry the electron to an orbit further out 
or even outside of the atom altogether. In this case the atom would 
be in a state such that the return of an electron from one of these outside 
orbits would emit X-radiation of higher frequency and shorter wave- 
length than that of the critical absorption. This would correspond to 
the emission line §;. A similar explanation applies also to the emission 
line +2, and the L, orbit. 

From this point of view we would expect the critical potential for ; 
to be slightly higher than that for the other lines belonging to the Li 
orbit, and the critical potential for y2 to be slightly higher than that for 
the lines associated with the L, orbit. 

Further, on this theory, the critical absorption does not correspond to 
the limit of the group, or series. It becomes incorrect to speak of the 
“absorption limit,” as these words are usually employed. 

An accurate, quantitative test for our point of view cannot be obtained 
without making special assumptions. According to our measurements, 
however, the difference in frequency between the emission line and the 
critical absorption for tungsten, each divided by the Rydberg constant, 
is 6.0 for 8;—La;, and 5.6 for y2-Laz. These are of the order of magnitude 
of frequencies associated with the peripheries of atoms. 
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The question now arises as to whether or not an L critical ionization 
frequency equals an L critical absorption frequency. A critical ioniza- 
tion frequency represents the transfer of an electron completely outside 
of an atom. In the case of the K series of iodine the two frequencies have 
been found to be equal to each other within the limits of error of the 
measurements.’ Experiments are in progress to test this point for the. 
L series. 

Relative Intensities of Lines.—The ionization spectrometer provides us 
with an excellent method of estimating the relative intensities of lines 
in X-ray spectra. Accurate estimates of the relative intensities, how- 
ever, cannot be obtained unless the lines lie fairly close together. If a 
considerable interval separates them, corrections must be applied for the 
changes with varying wave-length in the amounts of energy absorbed by 
the substances through which the rays pass, etc. These corrections can- 
not be accurately calculated at present. Special precautions must be 
taken to make sure that no critical absorption nor critical ionization 
wave-length lies between the wave-length of the lines to be compared 
with each other. These limits to the accuracy of relative intensity meas- 
urements present themselves in photographic spectrometry in addition 
to those due to the difficulty of estimating the blackening of the photo- . 
graphic plates. 

In the case of a line that is not perceptibly broadened we take the 
height of the peak corresponding to it on the ionization current crystal 
table angle graph to represent its intensity. This height must be meas- 
ured from the level of the curve corresponding to the general radiation 
on the two sides of the peak, and not from the axis of zero ionization 
current. 

Two peaks appear on the curve in figure 1, corresponding to the spectral 
lines 6. and f;. The ratio of the heights of these two peaks is 116. This 
number, however, does not represent accurately the relative intensity of 
B: to Bs, for the critical absorption of La; lies between the two emission 
lines. The target absorbs a greater fraction of the X-ray energy in the 
neighborhood of §; than it does in the neighborhood of 6. In this case, 
therefore, the ratio of the heights of the peaks gives us only an upper 
limit for the ratio of the intensities. §. cannot be more than 116 times 
as intense as f;. 

The curve in figure 2 contains four peaks corresponding to the emis- 
sion lines 71, Y2, Ys and ys. The relative heights of these peaks are repre- 
sented by the numbers 100, 14, 18 and 6. These numbers have not been 
corrected for the errors due to absorption, etc., so that they give only an 
approximate estimate of the relative intensities of the emission lines. The 
lines yo and 3, however, lie very close together, and the correction must 
be very small. Since the critical voltages for all the y lines are not quite 
the same, their relative intensities depend somewhat on the voltage 
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applied to the X-ray tube. This was 22,750 volts. The applied voltage 
lies so far above the critical voltages, however, that the effect due to 
variations in the latter do not amount to as much as three per cent. 

Figure 2 in the paper referred to above® contains curves representing 
the four strongest 6 lines. The heights of the peaks corresponding to 
Bi, B2, Bs; and 4 are proportional respectively to the numbers 100, 55, 16 
and 9; the voltage applied to the tube in this experiment being 24,800 
volts. 5 

The ratio of intensities of the two a emission lines possesses special 
theoretical interest. Sommerfeld’ has developed a theory which predicts 
the relative intensity of certain lines in the spectrum. By applying the 
quantum theory to electron orbits that do not lie in the same plane he 
finds that the number of postitions which the plane of an orbit can occupy 
is greater by unity than the quantum number associated with the elec- 
tron’s angular coérdinate. According to a line of reasoning due to Bohr"! 
one of these positions is in a certain sense dynamically impossible, which 
reduces the number of possible positions the plane of the orbit can occupy 
by unity. According to Sommerfeld’s theory all the possible positions 
of the orbit’s plane are equally probably, and hence the intensity of the 
line is proportional to the number of possible positions. 

In the case of the a lines in the K series this theory agrees very well 
with the facts.? The a lines in the L series, however, do not have the 
relative intensity predicted by the theory. The elctrons producing these . 
a lines fall from M orbits into the same L; orbit. Those producing the 
a line fall from the first, Mi, orbit, which has three quanta associated 
with the angular coérdinates, while those producing the a: line come 
from the orbit M2, which has only two quanta associated with the angular 
coérdinates. According to Sommerfeld, therefore, the relative intensities 
should be in the ratio of 4 to 3. As a matter of fact, the ratio is very much 
larger than this. The curve in figure 3 represents the two a lines in the 
L series of tungsten. The ratio of the heights of the two peaks is about 
10 to 1. According to Bohr’s “analogue principle” the transfer from 
M,; to L; could not take place, unless the atom were in a field of force. 
This may account for the weakness of the az line. 

1 Siegbahn and Friman, Phil. Mag., London, April, 1916 (403); and Nov. 1916 (497). 

* de Broglie, J. Physique, Paris, May-June, 1916 (161). 

’ Duane and Patterson, Proc. Nat. Acad Sci., Washington, Sept. 1920. 

4 Webster and Clark, Ibid., March, 1916; and Webster, [bid., Jan., 1920. 

5 Sommerfeld, Atombau und Spektrallinien. 

6 Duane and Patterson, Physic. Rev., Ithaca, 1920. 

7 Duane and Hu, Jbid., Oct., 1919 (869). 

8 Duane and Stenstrém, [bid., April, 1920 (329); and Proc. Nat. Acad. Sci. Wash- 
ington, Aug., 1920. 
® Overn, Physic. Rev., Aug., 1919 (137). 

10 Siegbahn, Phil. Mag., Nov., 1919 (639). 
11 Bohr, Copenhagen Academy, 1918. 
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ON A DIFFERENTIAL EQUATION OCCURRING IN PAGE'S 
THEORY OF ELECTROMAGNETISM 


By H. BATEMAN 
CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA 
Communicated by R. A. Millikan, June 7, 1920 


In a recent article Mr. Leigh Page' has generalized the electromagnetic 
equations by introducing the idea of a rotation of the field round a moving 
electric pole. A line of electric force is supposed to be the locus of points 
traveling with constant velocity, c, in directions which vary according to 
a law giving rise to three differential equations of type 
dl 
ge = AS + or — wg) -— m(cir — gu + fo) + n(c*g — fw + hu) 

— alfl(f + or — wa) + m(g + wp - ur) + mh + ug - vp)], (1) 
where (cl, cm, cn) are the component velocities of the point which leaves 
the electric pole at time 7; (u, v7, w), (f, g, h) and (p, g, r) are the components 
of the velocity, acceleration and angular velocity of the pole at this in- 
stant. The quantity, k, is defined by the equation k = c*— 4? —v?—w”. 
These equations are of a type considered in my book on Differential 
Equations (Ex. 7, p. 71) and can be reduced to two Riccatian equations 
by means of the substitutions 

1+ im l—1m . sli 
CS er Ee . (2) 
The lines of force can consequently be found by solving a Riccatian equa- 
tion just as in the usual electromagnetic theory.” 

It should be noticed that Page’s expressions for the electric and magnetic 
vectors may be written in the forms 

_ 10(7,¢) — Oz, 8) 
* (x,t) (y,2)’ 
———-—-— (3) 
ye Or, o) is: 1 O(r, Lf 
Oy,2) c x,t) 
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where 
_ et  — (w— Bp t+ —aat+@-or 
4nk c(t — r) — u(x — t) — v(y — 9) —w(z —f) 
e (-Hft+o—nget+ G@-Hhkt+k (4) 








c= 


4x cX(t — 7) — u(x — 8) — vy — 9) —we-9) 
e is the electric charge associated with the moving electric pole, (&, », $) 
are the codrdinates of the pole at time 7 and 7 is defined in terms of (x, 4, 
2, t) by the equation 

#\x — &(r)? + ly — alr)? + [2 - Sr) P = CG- 7)? 7 <itt. 
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The electromagnetic field is thus obtained by superposing on the usual 
electromagnetic field of a moving electric pole a field derived from a 
type of field, which I have considered elsewhere,* by writing H for E 
and —E for H. The properties of this additional field may be derived at 
once from the properties of the field described previously by simply inter- 
changing the words magnetism and electricity. 

If (f, g, 4) are no longer restricted to be the components of the accelera- 
tion and k is no longer restricted to be c?—u?—v?—w?, the formulae (3), 
(4) still specify an electromagnetic field in which a line of force is the 
locus of points moving with velocity c in directions specified by a set of 
equations of type (1) and these equations can still be reduced to Riccatian 
equations by means of the substitution (2). 

In a field of this more general type both electricity and magnetism 
travel away from the electric pole with the velocity of light while in the 
case of a field of Page’s type there is an emission of magnetism but no 
emission of electricity. There is, however, no magnetic charge associate 
with the moving electric pole. 

In a field of this general type it is possible when f = g =h=p=q= 
r = 0 for the points which trace out a line of force to move in one constant 
direction which is the same for all and for there to be no radiation of 
energy even through the electric pole has an acceleration.’ It is possible, 
then, for an electric pole of this more general type to describe a circular 
orbit without radiating energy, as in Bohr’s theory of the hydrogen atom. 
In the transition from one circular orbit to another the angular velocity 
(p, g, r) may be different from zero and there may be radiation of the 
type described by Page. : 

The weak point of the present theory is that it requires the presence of 
electric and magnetic currents in the space surrounding the electric pole. 
This space in fact contains a continuous distribution of electric and mag- 
netic particles which have been emitted from the moving pole and are 
travelling along straight lines with the velocity of light. 


1 Proc. Nat. Acad. Sci., 6, March, 1920 (115). 

2 Amer. J. Math., 37, 1915 (192); see also Murnaghan, F. D., Ibid., 39, 1917; and 
Johns Hopkins Circular, July, 1915. 

3 Proc. London Math. Soc., (Ser. 2) 18, 1919 (95), paragraph 10. 





A NEW PROOF OF A THEOREM DUE TO SCHOENFLIES 


By J. R. Kune 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA 
Communicated by E. H. Moore, July 7, 1920 


In a paper recently published in the Transactions of the American — 
Mathematical Society, Professor Robert L. Moore! proved the following 
theorem: If ABCDA is a closed curve, then there exist two sets of arcs 
a, and ag such that (1) each are of a lies wholly within ABCDA except 
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that its end-points are in AB and CD, (2) each arc of a lies wholly within 
ABCDA except that its end-points are on BC and DA, (3) each point of 
ABCDA, except A, B, C, and D, is an end-point of just one arc of a; or of 
just one arc of a, (4) through each point. within ABCDA there is just 
one arc of a and just one arc of ae, (5) each. arc of a; has just one point 
in common with each arc of a:. It is the purpose of the present note to 
show how this theorem may be used to establish the following theorem 
due to Schoenflies*—Suppose the closed curves J; and J. are in continuous 
one-to-one correspondence under a transformation x. Let R; (¢ = 1, 2) de- 
note the point set ]; + I;, the interior of J;. Then there exists a continuous 
one-to-one correspondence x’ between the points of R; and Re, such that points 
of J: and J: correspond as under the transformation 7. 

Proof.—tLet A;, B,, C; and D, be four points on the closed curve /; 
such that Ay and Cy separate B, and dD, on Ji. Let a(Aj) = As, (Bi) = Be, 
a(C,) = C, and x(D,) = D,. It may easily be proved, with the use of the 
definition of a simple closed curve and the properties of continuous one-to- 
one correspondences, that A, and C; separate B, and Dz on /2. Cover 
R; (¢ = 1, 2) with sets of arcs (a;,) and (a@;2) having the properties 
described in Professor Moore’s theorem. Consider the square whose 
vertices are A (o, 0), B (0, 1), C (1, 1) and D (1, 0). There exists a con-. 
tinuous one-to-one correspondence 2 between the points of that arc of 
J; from A, to B; which does not contain C; and the points of the interval 
AB of the Y axis, such that 2(A,) = A and 2(B,) = B. Likewise there 
exists a continuous one-to-one correspondence 2’ between the points of 
that arc of /; from A; to D,, which does not contain B,, and the interval 
AD of the X-axis such that 2’(A,) = A and 2’(D,) = D. ‘Let us as- 
sign to every point P, of R,; coérdinates (x’p,, y’p,) in the following 
manner: Suppose P, is a point of R; lying neither on the interval A,B, 
nor on the interval C,D,.of /;. Let x, denote the end-point on A,D, of 
that arc of (a,2) which contains P,. Then x’ p, shall be the abscissa 
of 2’(X;). If H, is a point of R, on the interval A,B; of: /;, then x’y, 
is zero, while, if K, is a point of R, on the interval C,D, of J:, x’ x, is one. 
Suppose Q; is a point of R, lying neither on the interval A,D, nor on the 
interval BC, of Jt. Let Y; denote the end-point on A,B, of that arc of 
(1,1) which contains Q;. Then y’g, shall be the ordinate of Z(Y:). If 
M1 is a point of R; lying on the interval A,D, of J,, then y’y, is zero; while, 
if M, is on the interval B,C, of /;, then y’y, is one. We shall say that the 
point P; of R, corresponds to the point P of R, if and only if, x’p, = xp 
and y’p: = yp. In this manner, a continuous one-to-one correspondence 


T is defined transforming the points of R into the points of Rj. - 


If H, is a point of the interval A,B, of Js, then we shall say that H, 
corresponds to the same point of AB as r~(H2) corresponds to under 
=-!, while M2, a point of A:D2, corresponds to the same point of AD as 
(Mz) corresponds to under (2’)~!. In this manner, we define con- 
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tinuous one-to-one correspondences, T and 7’, between the points of 
A,B, and AB and between the points of A,D, and AD, respectively. .We 
shall assign to evety point P of R, coérdinates («"p,, y”p,) in the follow- 
ing manner. Suppose P, is a point of R», lying neither on the interval 
A,B, nor on the interval (2D, of Jo. Let X2 be the end-point on A,D, 
of that are of (a2,2) which contains P2. Then x” p, shall be the abscissa 
of (T’)-1X». If Hz is a point of R2 on the interval A,B: of Js, then x” y, 
is zero, while, if H, is a point of R: on the interval C.D. of Js, then x" y, 
is one. Suppose Q2 is a point of R:, lying neither on the interval A,D, 
nor on the interval B.C: of Jo Let Y2 denote the end-point on A,B, 
of that are of (a:,,:) which contains Q.. Then y"o, shall be the ordinate 
of (T)-'Y2. If Mz is a point of R, on the interval A2D, of Js, then y" y, is 
zero; while, if Me is a point of Re on thé interval BC. of J2, then "yy, is 
one. We shall say thet.« point of #, of R, ‘comespends to « polat # of K 
if and only if, x”p, = xp and y"p, = yp. In this manner a continuous 
one-to-one correspondence I’ is defined transforming the points of R into 
*the points of Ry. It should be noted that the correspondence I'’I'—! is a 
continuous one-to-one correspondence transforming the points of R, 
into the point of R, in such a manner that the points of B,A,D, and 
BzAzD, correspond as under 7. This is, however, not necessarily true of 
the points of B,C,D; and BeC2Dz. 

Let P, be any point of A,Be, while r~'(P2) = P;. Let Q; denote the 
end-point on C,D, of that arc of (a) which contains P;. Let r(Q:).= Q2. 
Let (T’)-"(Q.) = Q. Let PQ denote the interval from P to Q of the 
straight line joining P and Q, where P = (T’)~'(P2). Let I'’(PQ) be the 
arc P,Q. Do this for every point of A,B, Then let P’, denote any 
point of A,D, and let x~! (P’:) = P’;. Let Q’: denote the end-point on 
B,C, of that atc of (a2) which contains P’,. Let +(Q’:) = Q’2, while 
([’)-(P'2) = P’ and (f’)-(Q') = Q’. Let P’Q’ denote the interval 
between P’ and Q’ of the straight line joining these two points. Let 
I''(P’Q’) be the arc P’,Q’,. Do this for every point P’, of A2D;. In this 
manner two new sets of arcs (a’s;) and (a's) are obtained having all the 
properties of the original sets of arcs (a:) and (a2) and having the addi- 
tional property (6) that if ¢ is any arc of either set with end-points H, 
and Ky and if +~'(H:) = H; and x~'(Ky) = K,, then one < ae arcs of 


’ the set (on) + (aw) joins H; and K,. 


Using these new sets of ares, (a’s,;) and (a's), we may define in a manner 
similar to that used in defining I’, a new continuous one-to-one corre- 


‘ spondence I” transforming the points of R into the points of R:. It is 


clear that '’’(I')~! is a continuous one-to-one correspondence transform- 
ing the points of R; into the points of R in such a manner that the points 
of /,; and J, correspond as fixed by 7. 

1 Cf. Moore, R. L., Trans. Amer. Math. Soc:, 20, 1919 (176). 

2 Cf. Schoenflies, A., Math. Ann. Leipsig, 62, 1906 (324). 
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ARE THE SUPERIOR CERVICAL :GANLIA INDISPENSABLE TO 
THE MAINTENANCE OF LIFE? 


By S. J. MELTZER 
ROCKEFELLER INSTITUTE FOR MEDICAL RESEARCH 
Read before the Academy, April.26, 1920 


The sympathetic nerve fibres which originate in the thoracic part of 
the spinal cord terminate in the superior cervical ganglia, from which 
separate bundles of nerve fibres go to the various parts of the head. Ex- 
periments with stimulation of the central end of the cervical sympathetic 
nerves revealed that these nerve fibres control various functions localized 
in the head. For instance, to mention the more important ones, the 
contraction and dilatation of the bloodvessels of various parts of the head, 
the constriction and dilatation of the iris and the secretion of various glands. 
Section of the sympathetic nerve showed that some of these innervations are 
in a state of tonus, for instance, the pupils become constricted and the 
bloodvessels of the ear (to be seen best in rabbits) become dilated. By 
means of local application of nicotine to the ganglia which paralyzes 
postganglionic but does not affect preganglionic nerve fibres, Langley has 


shown that some of the postganglionic nerve fibres of the superior cer- 


vical ganglia are simply a continuation of the cervical sympathetic, pre- 
ganglionic nerve fibres, while other postganglionic nerve fibres have their 
origin in nerve cells within the superior cervical ganglia. 

About sixteen years ago we! showed that epinephrin (adrenalin) which, 
if administered by subcutaneous injection, or by instillation in the con- 
junctival sac, in normal animals, shows no influence upon the size of the 
pupil, produces promptly a dilatation of the pupil and a considerable reduc- 
tion of its responsiveness to light, if the subcutaneous injection or the 
instillation were made in animals in which the corresponding ganglion 
was removed. To obtain this result the subcutaneous injection or instil- 
lation must be made about twenty-four hours in rabbits and forty-eight 
hours in cats and dogs after the removal of the ganglion. Cutting of 
the cervical sympathetic nerves has no such effect. These facts were 
best illustrated in an experiment in which the superior cervical ganglion 
was removed on one side and the sympathetic nerve was cut on the other 


side. A simultaneous instillation of adrenalin in both conjunctival sacs" 


caused a dilatation of the pupil on the side in which the ganglion was 
removed, but not.on the side in which merely the sympathetic nerve was 
cut. For that reason we designated this pupilary phenomenon as “‘para- 
doxical.”” ‘These experiments revealed that in the normal state, and for 
twenty-four hours in rabbits, or for forty-eight hours in cats and dogs, 
after the removal of the superior cervical ganglion, the normal condition 
of the pupil is maintained by influences which take their origin in nerve 
cells Within the superior cervical ganglion and not in the spinal cord. 
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In studying at various times certain phases of this experiment, I was 
sometimes annoyed by failures which were caused by early deaths of the 
animals. A survey of these failures revealed the fact that they took place . 
in animals in which both ganglia were removed. A survey of the several 
changes in the functions which stimulation of the sympathetic nerves or 
section of these nerves bring about, shows that these changes, interesting 
as they are, affect only peripheral conditions, and do not endanger life. 
But some of the post ganglionic fibres of the superior cervical ganglion 
enter the “brain” before they reach the periphery. May not some of 
these fibres also terminate in some vital point within the brain or the 
medulla? It is true, in our previous experimental studies, death of the 
animal was rather an exception. But these studies were essentially con- 
fined to the removal of a ganglion on one side only. From experiments 
upon the vagus nerves we know that cutting of one vagus does not affect 
the life of the otherwise normal animal, while, when both vagi are cut, 
with few exceptions, the animal dies within a day or two after the opera- 
tion. May we not meet with a similar result by the removal of both 
ganglia? I therefore started a series of experiments in which both superior 
cervical ganglia were removed. 

This series of experiments was made chiefly on rabbits. Although in 
these animals the superior cervical ganglion is small, it offers the advan- 
tage that it is not intimately connected with the vagus nerve, as it is the 
case in dogs and cats; the ganglion in rabbits may therefore be readily 
remoyed without causing injury to the neighboring vagus nerve. (It is 
not superfluous to state that the present series of experiments were car- 
ried out last winter, beginning November 3rd.) To this date more than 
eighty rabbits were used for the study of various phases of our problem. 
I shall state the results briefly. 

For the chief issue of our problem we used twenty-eight animals in which 
both superior cervical ganglia were simultaneously removed under ether 
anesthesia. Of these, twenty-five died as follows: Six died in less than 
twenty-four hours, that is, the animal which was operated before noon or 
in the afternoon was found dead next morning at about nine o'clock. 
Nine animals died in less than two days, five in less than’ three days, one 
in four, one in five, one in six, one in eight and one in ten days. The 
autopsies revealed the presence of pulmonary lesions in all these animals. 
Three animals survived the removal of the ganglia and were killed after 
many weeks or months and no pulmonary lesions were found. 

Both ganglia were also removed in two cats which died in less than two 
days and showed pulmonary lesions. 

At an early stage of the investigation we met with one failure in a cat; 
it survived for many days the removal of both ganglia. Suspecting that 
the operation might not have been successful, it occurred to me, that 
this might be tested by the action of adrenalin upon the pupil. In the 
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experiments with adrenalin,? it was observed that when a ganglion was 
incompletely removed, instillation or subcutaneous injection of adrenalin 
did not cause the characteristic upon the pupil. I therefore applied: this 
method to the surviving cat and found indeed that an instillation in a 
conjunctival sac as well as a subcutaneous injection of adrenalin neither 
caused a dilatation of the pupil nor a retraction of the nictitating mem- 
brane, the latter being one of the striking effects of adrenalin in ganglion- 
ectomized cats. The animal was then killed on the tenth day after the 
operation, and it was established that neither of the ganglia were success- 
fully removed, and that the lungs showed no lesions. Also in one surviv- 
ing rabbit it was found that adrenalin caused no dilatation of the pupil 
of the right eye. The autopsy showed normal lungs, proved that the 
ganglion on the right side was only partly removed: Henceforth an 
adrenalin test was made on the pupils of practically all animals in which 
the ganglia were removed. This was-also done in the above mentioned 
three rabbits in which the removal of the ganglia did not lead to the 
death of the animals. In one of these animals the effect of adrenalin was 
indeed insignificant; in the other two rabbits, however, the instillation 
of adrenalin brought a definite dilatation of both pupils. In some rabbits 
the removal was purposely restricted to one half, or a little more than 
one half, of one ganglion or of both. Asa rule the part to be removed was 
first crushed and then torn away. In these cases the adrenalin test was 
made a day or two later; the result was negative, and the animal survived 
even when both ganglia were mutilated. ‘ 

However, in testing the success of the operation by the use of adrenalin, 
it has to be borne in mind that while a negative result prove that the cor- 
responding ganglion was incompletely removed, a positive adrenalin test 
does not necessarily prove that the ganglia were so completely removed as 
to bring about the death of the animal.’ It may .be that the number of 
nerve cells the removal of which is sufficient to bring about a positive 
adrenalin reaction upon the pupil, is smaller than the number of cells 
which have to be removed in order to bring about. the death of an animal. 
In other words, the presence and integrity of a small number of nerve 
cells may be sufficient to maintain life, while the balance of the cells serve 
only as factors of safety—a condition which is especially met with in glands 
with internal secretion. ‘It follows that in the above mentioned surviving 
rabbits in which the adrenalin test was positive, we had no assurance that 
the ganglia were so completely removed as to bring about the death of 
these animals. (It has to be added that at the autopsy of the three ani- 
mals neither a minute macroscopical nor a microscopical search was made 
for possible remnants of the ganglia.) 

However this may be, this series of experiments showed that in about 
ninety per cent of the animals, the operative removal of both ganglia proved 
to be fatal to the animals—an experiment which, as far as I know, was never 
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made before. The question now arose: Definite as the result is, is it 
important, that is, does it prove that the ganglia are really important to 
the maintenance of life, or was the fatal outcome perhaps due only to the 
operative procedure and not to the indispensability of some principle 
provided by the ganglia? Pulmonary lesions were found at the autopsy 
after the removal of*both ganglia; pulmonary lesions are found after 
cutting both vagi. ‘The ganglia are in the very proximity of the vagus 
nerves. May not the operative procedure injure both vagi sufficiently to 
bring about a ‘‘vagus pneumonia?” 

The following considerations and experimental facts speak against such 
an interpretation. The possibility of injuring the vagus nerves was taken 
into consideration at the very beginning of this study. As it was stated 
before, it was just on account of this possibility that rabbits were given 
the preference. In these animals the superior cervical ganglion is sep- 
arate from the vagus nerves, and it may be removed without touching the 
nerves or pulling at them. With this requirement in mind, L tried to 
carry out the experiment with care. It is not quite probable that I should 
have failed on both sides in nearly all my attempts, and that the injury 
which I might inadvertently have afflicted to both vagus nerves should 
have been of such an extent as to be equal in effect to a complete section 
of the nerves. Furthermore, in several experiments one of the ganglia 
could not be found and only one ganglion was removed. In these cases in 
which a long search for the ganglion was made the tissues and the cor- 
responding vagus nerve had to be quite severely manipulated. The 
animals nevertheless survived this procedure. Finally in some experi- 
ments, the lower half of both ganglia were removed, as mentioned before. 
Here the lower half was first crushed and then removed, which required 
more manipulations than the tearing out of the entire ganglion. These 
animals survived the operation without manifesting any untoward symp- 
toms. : 

More direct and ‘decisive evidence was obtained by stimulations of the 
central end of the vagus nerves after removal of the corresponding gan- 


gilion, and after removal of both ganglia. The vagus nerves carry centri- 


petal as well as centrifugal nerve fibres. The centripetal fibres affect and 
control the respiration and cause a change in the state of blood pressure. 
Further, the vagus trunk and the superior laryngeal nerve, a brarvh of 
the vagus, carry fibres the stimulation of which causes reflex deglutition. 
The vagus nerve seems to contain also sensory fibres. The stimulation 
was effected by Faradic currents of various strengths. The procedure 
was as follows: One vagus nerve was cut and the normal effect of stimu- 
lation established; then the corresponding ganglion was removed and the 
nerve again stimulated, and finally, the other ganglion was removed and 
the vagus stimulated. I shall state the results very briefly. 

Resptration.—Stimulation of the vagus nerve after removal of the cor- 
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responding ganglion, or of both ganglia, gave results similar to those ob- 
tained before the removal, that is, active respiration, passive respiration 
(inhibition of the diaphragmatic movements), acceleration of the respira- 
tion, or a tetanic standstill of the diaphragm in an inspiratory state, ac- 
cording to the strength of the stimulus used and the individuality of the 
animal. Bloodpressure.—Stimulation of the: vagus nerve gave a definite 
rise, and stimulation of the depressor nerve gave a fall. Rise and fall 
after removal of the ganglia were—at least— as good as before the removal. 
Deglutition—When the animal was not too deeply narcotized, stimula- 
tion of the vagus trunk produced irregularly one deglutition or more, and 
stimulation of the central end of the superior laryngeal nerve produced 
regularly a series of swallows. Sensation.—Finally, it may be added that 
when the animal was nearly out of ether, stimulation with a strong cur- 
rent brought out signs of sensation, which gave the signal for an increase 
of the anesthesia. These experiments show unmistakably that the afferent 
nerve fibres within the vagus were in no visible way affected by the act of 
removing the ganglia. 

The Centrifugal Fibres—The efferent nerve fibres of the vagus, which 
concern us here, are those which innervate the muscles of the larynx, the 
pharyngeal muscles and the muscular fibres of the esophagus. The lar- 
yngeal innervation after removal of the ganglia has not yet been studied. 
However, clear evidence was obtained that the motor nerve fibres attend- 
ing the pharynx and the esophagus were functioning in a normal way. 
Under moderate anesthesia the inferior pharyngeal muscles were seen to con- 
tract with the rise of the larynx, which accompanies the initial stage of degu- 
tion, and the rise was followed by a normal peristaltic wave in the esophagus. 

The condition of the esophagus at the autopsy is another evidence that 
the vagus was not affected by the procedure of the removing of both 
ganglia. In the autopsies made on the twenty-five rabbits which died 
after the removal of both ganglia, the esophagus was found empty and 
contracted in fourteen cases; in the other cases the condition of the 
esophagus was not noted. In other words, in all the cases in which the 
esophagus was examined, it was found that after removal of the ganglia 
this tube was empty and contracted. On the other hand, in a series of 
eighteen rabbits in which both vagi were cut and in which nearly all 
animals died in less than twenty-four hours, at the autopsy the esophagus 
was found distended and filled with food in its entire length in thirteen 
animals; in the remaining five the esophagus was either only partly filled 
or entirely empty but was not exactly contracted. I wish to point out 
here that the upper part of the esophagus is partly innervated by pharyn- 
geal nerves which remain intact when both vagi are cut in the neck. 
Moreover, food may be driven out by the rigor of the esophagus which, 
after the rigor passes away, may be relaxed again. At any rate, it is a 
noteworthy fact that after the removal of the ganglia the esophagus was found 
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empty and contracted in all cases in which the state of that tube was looked 
for, while in thirteen out of eighteen animals in which both vagi were cut, 
the entire esophagus was distended and full of food, a fact which speaks for 
the contention that the vagus nerves have not been affected by the removal of 
the ganglia. 

From the foregoing evidences, I am inclined to conclude that the death 
of the animals in which both ganglia were removed was due to the removal 
of these organs—if I may call them so—and not due to the procedure of the 
operation. In other words, the superior cervical ganglia contain a principle 
which is essential for the maintenance of life. 

As to the nature of the pulmonary lesions which were found after 
death following the removal of both ganglia, I shall only say that nearly 
in all instances there was a bronchopneumonia which was mostly located 
in the upper and middle lobes, and a pulmonary edema located mostly 
in the lower lobes of the lungs. In a few cases there were large and small 
abscesses in some parts of the lungs, and in some lungs there were plugs 
in the small bronchi which were apparently connected with the abscesses 
and which consisted of fibrin, pus and foreign material. In a few in- 
stances there were also serous or purulent pleurisies. I shall not attempt 
to enter into further details. Furthermore, I shall not discuss the ques- 
tion whether there is any difference between the pulmonary lesions ob- 
served after the removal of both ganglia and the lesions found in the 
lungs after section of both vagi. This I can the more afford to do, since 
the centuries’ old question as to the nature of the pulmonary lesions 
after section of both vagi was recently opened up again by the import- 
ant researches of Schafer*), and the entire question will surely have to 
be a subject of further investigations. 

As to the nature of the mechanism by which the ganglia may control 
life, I shall, for the present, offer only a hypothesis. At the beginning of this 
communication, I called attention to the fibres from the superior cervical 
ganglia which enter the ‘‘brain,’’ and put forward the question, whether 
some of these fibres may not terminate in a vital part of the medulla 
oblongata: ‘The hypothesis answers this question in the affirmative, 
namely, that the fibres reach the respiratory centre in which they exert 
a controlling influence upon the coérdinate antagonistic activities of the 
laryngeal muscles in the function of respiration. As we know, the glottis 
becomes wider during inspiration and narrower during expiration and is 
otherwise changing its configuration in the different respiratory phases. The 
larynx is provided with extrinsic and intrinsic muscles which act alternately 
as adductors and abductors and are innervated by different fibers running 
in the trunks of the laryngeal nerves. According to the law which I 
termed Antagonistic Innervation or the law of Reciprocal Innervation 
(Sherrington), the adductor muscles of the larynx become inhibited dur- 
ing the contraction of the abductors, and the latter become inhibited during 
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the contraction of the adductors. Such complicated continuous mus- 
cular activities suggest the control of a centre. This central control is 
maintained in a state of tonus. The hypothesis assumes that the tonus 
of the central laryngeal control is maintained by impulses coming contin- 
uously from the superior cervical ganglia. Some time after the removal 
of these ganglia the respiratory laryngeal céntre loses its tonus and its 
coérdinating activity upon the laryngeal muscles during respiration. The 
loss of coérdination gives rise to results similar in some way to those 
consequent upon cutting of the vagus nerves. The difference between the 
two conditions is, that in cutting the vagus nerves, the peripheral (motor) 
innervation of all the muscles are simultaneously abolished, while after 
removal of the ganglia only the central control is eliminated. In this case 
impulses may still reach the laryngeal muscles from the respiratory cen- 
tre, but they will now contract in an incoérdinate and harmful manner. 
Future experiments may reveal that the behavior and appearance of the 
glottis after removal of the ganglia differ from its behavior and appearance 
after cutting of the vagi. 

This supposed reflex action of the ganglia upon the control of the an- 
tagonistic contraction of the laryngeal muscles is somewhat parallel to 
the action of the same ganglia upon the peripheral organs, for instance, 
upon the iris. In this instance it controls the width of the pupil by 
eausing either a contraction of the dilator muscle simultaneously with a 
relaxation of the sphincter pupilae, or, it causes a constriction of the 
sphincter with a simultaneous relaxation of the dilator. 

As to the nature of the origin of the impulses, I compared above the 
ganglia with the glands of internal secretion. I append here a very brief 
report of a few experiments, the making of which was stimulated by the 
mentioned comparison. In four rabbits both superior. cervical ganglia 
were torn away from their upper connections, but were left connected 
with the sympathetic nerves. In addition, two ganglia from another 
rabbit were placed deep in the wound before closing it. All four animals 
survived many weeks and were killed later by chloroform; the lungs were 
found normal. A fifth rabbit was killed six days after the operation in 
an experiment in which by accident only one foreign ganglion was added. 
At the autopsy a small abscess was found in the right middle lobe. Prob- 
ably, the animal would have recovered. These few experiments do not 
permit any definite conclusion; but the findings are suggestive. If fur- 
ther experimentation should give similar results, the question would be 
obvious: whether other sympathetic ganglia also possess some sort of an 
internal secretion. 


1 Meltzer, S. J., and Auer, Clara Meltzer, ‘Studies on the Paradoxical Pupil-Dilata- 
tion Caused by Adrenalin. I.—The Effect of Subcutaneous Injections and Instilla- 
tions of Adrenalin upon the Pupils of Rabbits,’’ Amer. J. Physiol., 11, 1904 (28-36); 
Meltzer, S. J., “Studies on the Paradoxical Pupil-Dilatation Caused by Adrenalin. 
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II.—On the Influence of Subcutaneous Injections of Adrenalin upon the Eyes of Cats 
after Removal of Superior Cervical Ganglion,”’ Ibid., 11, 1904 (37-39); Meltzer, S. J., 
and Auer, Clara Meltzer, “Studies on the Paradoxical Pupil-Dilatation Caused by 
Adrenalin. III.—A Discussion of the Nature of the Paradoxical Pupil-Dilatation 
Caused by Adrenalin.’’ 

2 Meltzer, S. J. and Auer, Clara Meltzer, L. c. (30). 

3 Schafer, E. Sharpey, Quart. J. Exper. Physiol., 12, 1919 (231-301). 





OBSERVATIONS ON THE BODY TEMPERATURE OF 
DRY COWS 


By Max Kriss 
INSTITUTE OF ANIMAL NUTRITION, THE PENNSYLVANIA STATE COLLEGE 
Communicated by H. P. Armsby, August 20, 1920 


While a knowledge of the normal fluctuations in the body temperature 
of cattle is of importance to the veterinarian insofar as it may help to 
detect diseased conditions, it assumes special significance when metabo- 
lism experiments on cattle are made with the respiration calorimeter. By 
means of the latter, the heat eliminated by the animal during a certain 
period of time, as well as the gaseous exchange between the animal and 
the atmosphere that surrounds it, is measured. But in order to deter- 
mine accurately the heat production as distinguished from the heat 
elimination a correction must be applied for any storage or loss of heat 
by the animal body and failure to do so might introduce an appreciable 
error. For example, if at the end of an experimental period the body 
temperature of an animal weighing 400 kilograms differs by 1° C. from 
that at the beginning, it means a storage or loss of heat by the body 
amounting to 332 calories (assuming the specific heat of the body to 
be 0.83). The data on record regarding the body temperature of farm 
animals are unsatisfactory for the reason that the observations have not 
been repeated often enough under different conditions which are known 
to affect the temperature of man. In this investigation an attempt has 
been made to secure data regarding the extent and the course of the body 
temperature variations in cattle and to study some of the factors that 
might influence them. The investigation covers a period of some six- 
teen weeks. The animals were two dry cows used at the same time for: 
metabolism experiments with the respiration calorimeter, in which strict 
control of feeding, environment, etc., is maintained. Several series of 
observations on the body temperature of the cows have been made with 
special reference to the study of the following: 

(1) Variations in body temperature from about 7.30 a. m. to about 
5.30 p. m., including the effect of water drunk. 

(2) Thermal gradient in the body. 

(3) Variations in body temperature from about 5 p. m. to about 7 
p. m., including the effect of the feed. 
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(4) Effect of the act of defecation and of change in position. 

(5) Daily variations in body temperature measured at exactly the same 
hour of the day. 

The observations were made by means of carefully standardized clinical 
thermometers. During the greater part of the experiment one and the 
same thermometer was used, while for simultaneous readings of the rectal 
and vaginal temperatures a second one was used. To avoid any possible 
error that might be due to the use of two different thermometers, the lat- 
ter were for a few days interchanged, i.e., the thermometer used one day 
for measuring the rectal temperature was used the following day for the 
vaginal and vice versa. This was further checked by using one and the 
same thermometer for both the rectal and vaginal temperature readings 
being taken one immediately after the other. 

The observations on the thermal gradient were made at a depth of 4, 
5, 6, and 7 inches. All other observations were made at a depth of 7 
inches. The thermometers, which were originally five inches long, were 
accordingly lengthened by means of a piece of rubber tubing slipped a 
half inch or so over the upper end of the thermometer and over the string 
attached to the loop and stiffened by inserting inside the rubber tubing a 
strip of copper wire. This added portion was finally covered with adhesive 
plaster and ‘a rubber ring tightly fitted at the end. This arrangement 
proved to be very satisfactory. The thermometer could be inserted to 
the desired depth and there was little danger of breaking it during the 
insertion. The thermometer was ordinarily allowed to stay in the rectum 
or vagina for about three minutes and the time and temperature recorded 
immediately upon its removal. 

The results of the several series of observations may be summarized as 
follows : 

(1) The rectal temperature was higher than the vaginal when measured 
at the same depth of 7 inches, showing an average excess of about 0.3° 
F. The relative values, however, varied under different conditions, but 
showed a trend toward parallelism. 

(2) A fallin body temperature invariably followed the drinking of water. 
This fall varied directly with the quantity of water drunk. After the 
effect of the water drunk in the morning had been overcome, the tem- 
perature remained fairly constant till about 2.30 p.m. When no water 
was drunk the temperature was practically constant in the morning and 
in the afternoon till about 2.30 p. m. 

(3) There was a gradual rise in temperature in the afternoon from about 
2.30 p. m. to about 5.00 p. m. 

(4) Eating of feed raised the body temperature slightly for about a half 
hour when the cows received a maintenance ration. 

(5) The temperature of the rectum or vagina was decidedly higher when 
measured at a depth of 6 or 7 inches, than at a depth of 4 or 5 inches. 
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(6) There was no material difference in temperature between a depth 
of 6 inches and one of 7 inches, while there was a distinct difference of 
temperature between a depth of 4 inches and one of 6 inches, thus showing 
the unreliability of measurements of temperature at a depth of less than 
6 inches. 

(7) The standing as compared with the lying position of the animal 
had hardly any effect on the body temperature, but there was some indica- 
tion that the temperature was slightly affected when measured shortly 
after the change in position had been made. 

(8) There was no difference in body temperature when measured before 
or after defecation. 

(9) Daily fluctuations in body temperature depend to a great extent on 
the individuality of ‘the cow. 

(10) A variation of 0.8° F. in the rectal temperature of the same animal 
was observed, when measured at the same hour of the day under identical 
conditions and outside the influence of water or feed, while under the 
influence of water a difference of 1.3° F. was observed at the same hour 
on two consecutive days. 

A detailed report of the results will appear in the Journal of Agricultural 
Research. és : 











ON THE STRUCTURE OF FINITE CONTINUOUS GROUPS WITH 
EXCEPTIONAL TRANSFORMATIONS 
By S. D. ZELDIN 
DEPARTMENT OF MATHEMATICS, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated by Edwin B. Wilson, August 2, 1920 
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adjoint of G. We then have 
r+@ 


1 (XX) = Se caX 

a 1 
: G,j =1,2,...r+@) 
4 r+q 


and (Ey E) = DS kewEp 
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where the c’s are the so-called structural constants. We assume that 
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the group G has gq (<1) exceptional infinitesimal transformations (Lie 
calls them ‘‘ausgezeichnete’”’), which for simplicity are taken to be 
Aes Ge er ee 
Then 
(X;, X;) =0 @=1,2,...r + q3j=rt+]1...r+ 9. 

The purpose of this paper is to find the conditions to be imposed on the 
group G which would make the structural constants cj, 41, ... Cijp + ¢ all 
zero for 1,7 = 1,2, ...r+q. F 

Since the adjoint of G has reg same structure as G itself, it follows that 


(E,, E) = > cnEs (i, i = 1,2, -.. 1). 


Therefore we may say that if 6 contains g exccotiond infinitesimal trans- 
formations, there exists another group, say G’, with r essential parameters 
having the same structure as the group G. 

We shall denote - espns of the adjoint of G’ by the symbols 


M, = > , ees = (k = 1,2, ...,71) 


1 
The sailliion we impose on the adjoint of G’ is that it shall have one 
invariant spread. From that follows that the nullity of the matrix formed 
by the coefficients of the r differential operators is equal to one, i. e., at 
least one of the minors of the determinant of the coefficients of order 


r—1 is not zero. But every minor of that determinant is also a minor of. 


the determinant formed by the coefficients of the differential operators 
of the adjoint of G, therefore in this larger determinant there will be at 
least one non-vanishing minor of order r—1. Furthermore, for a... 
G,...Q, 4 ¢ assigned, the symbolic equations 


r+q r+q 
(>) aX, >i aa.) = 0 
1 1 


have the following g + 1 independent solutions: 


By = a,...B, = Ay, B, 41> con ™ B, +¢ = 0 (1) 

A=... = 6 =0,8,4:=1,8,42=... = B4,= 90 (2) 

Bp, = ae ee . =B41=0,842=18,43=... = 84, = 0 (3) 
Pe Mn ives hi pci ee (q + 1) 


That shows that there will be in the large determinant at least one non- 
vanishing minor of order r—q—1. Therefore, the nullity of the matrix 
formed by the coefficients of the operators of the adjoint of G is equal 
to. q+ 1, which means that the adjoint of G leaves invariant q + 1 
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independent functions in r + q variables. It should be observed, however, 
that one of those functions will also be invariant to the adjoint of G’ 
and will consist of the first r variables alone. The following theorem may 
therefore be stated: 

If the adjoint of G' has one invariant, the adjoint of G has q + 1 inde- 
pendent invariants, one of which is the invariant of the adjoint of G’. 

We assume first that g of those invariants, not involving the one com- 
mon to both, G and G’, are all flats of order r + q—2 in the r + g—1 
space and that their common intersection isan r—1 flat. It is then proven 
that if that flat does not pass through any of the points of the space of 
the adjoint of G, corresponding to the exceptional transformations of G, 
we can form new operators, such linear functions of the old ones, of which 
r, not involving the exceptional operators, form an invariant subgroup 
of G of order r. This means that the structural constants, whose last 
subscripts are greater than 7, will all become zero. If, however, those q 
invariants are not flats but algebraic spreads, not necessarily of the same 
order, none of which passes through the points of the space of the adjoint 
of G described above, then by considering the polars of the q invariant 
spreads we prove that the structural constants which have for their last 
subscripts numbers greater than r can also be made all zero. If, finally, 
each of the q invariant spreads passes through only one of those points, 
not necessarily the same for all spreads, then the structural constants 
described above can also be made all zero. 

Detailed proofs and references are given in a paper accepted for publica- 
tion by the Annals of Mathematics. 




















